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A DICHOTOMY FOR BOREL FUNCTIONS
MARCIN SABOK
Abstrat. The dihotomy disovered by Soleki in [3℄ states that
any Baire lass 1 funtion is either σ-ontinuous or inludes the
Pawlikowski funtion P . The aim of this paper is to give an argu-
ment whih is simpler than the original proof of Soleki and gives
a stronger statement: a dihotomy for all Borel funtions.
1. Introdution
An old question of Lusin asked whether there exists a Borel funtion
whih annot be deomposed into ountably many ontinuous fun-
tions. By now several examples have been given, by Keldi², Adyan
and Novikov among others. A partiularly simple example, the fun-
tion P : (ω + 1)ω → ωω, has been found by Pawlikowski (f. [1℄). By
denition,
P (x)(n) =
{
x(n) + 1 if x(n) < ω,
0 if x(n) = ω.
It is proved in [1℄ that if A ⊆ (ω + 1)ω is suh that P↾A is ontinuous
then P [A] ⊆ ωω is nowhere dense. Sine P is a surjetion, it is not
σ-ontinuous.
In [3℄ Soleki showed that the above funtion is, in a sense, the only
suh example, at least among Baire lass 1 funtions (in other words,
it is the initial objet in a ertain ategory).
Theorem 1 (Soleki, [3℄). For any Baire lass 1 funtion f : X →
Y , where X, Y are Polish spaes, either f is σ-ontinuous or there
exist topologial embeddings ϕ and ψ suh that the following diagram
ommutes:
ωω
ψ
−−−→ YxP
xf
(ω + 1)ω
ϕ
−−−→ X
In [4℄ Zapletal generalized Soleki's dihotomy to all Borel funtions
by proving the following theorem.
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Theorem 2 (Zapletal, [4℄). If f : X → Y is a Borel funtion whih is
not σ-ontinuous then there is a ompat set C ⊆ X suh that f↾C is
not σ-ontinuous and of Baire lass 1.
In this paper we give a new proof of the above dihotomy for all Borel
funtions, whih is diret, shorter and more general than the original
proof from [3℄.
2. Notation
We say that a Borel funtion f : X → Y , where X, Y are Polish
spaes, is σ-ontinuous if there exist a ountable over of the spae
X =
⋃
nXn (with arbitrary sets Xn) suh that f↾Xn is ontinuous for
eah n. It follows from the Kuratowski extension theorem that we may
require that the sets Xn be Borel. If f is a Borel funtion whih is not
σ-ontinuous then the family of sets on whih it is σ-ontinuous is a
proper σ-ideal in X . We denote this σ-ideal by If .
In a metri spae (X, d) for A,B ⊆ X let us denote by h(A,B) the
Hausdor distane between A and B.
The spaes (ω + 1)ω and (ω + 1)n for n < ω are endowed with the
produt topology of order topologies on ω + 1.
3. The Zapletal's game
In [4℄ Zapletal introdued a two-player game, whih turnes out to be
very useful in examining σ-ontinuity of Borel funtions. Let B ⊆ ωω
be a Borel set and f : B → 2ω be a Borel funtion. Let ρ : ω →
ω × 2<ω × ω be a bijetion. The game Gf(B) is played by Adam and
Eve. They take turns playing natural numbers. In his n-th move,
Adam piks xn ∈ ω. In her n-th move, Eve hooses yn ∈ 2. At the
end of the game we have x ∈ ωω and y ∈ 2ω formed by the numbers
piked by Adam and Eve, respetively. Next, y ∈ 2ω is used to dene
a sequene of partial ontinuous funtions (with domains of type Gδ in
ωω) in the following way. For n < ω let fn be a partial funtion from
ωω to 2ω suh that for t ∈ ωω and σ ∈ 2<ω
fn(t) ⊇ σ iff ∃k ∈ ω y(ρ(n, σ, k)) = 1
and dom(fn) = {t ∈ ω
ω : ∀n < ω ∃!σ ∈ 2n fn(t) ⊇ σ}. Eve wins the
game Gf(B) if x 6∈ B or ∃n f(x) = fn(x). Otherwise Adam wins the
game.
It is easy to see that if f is a Borel funtion then Gf is a Borel game.
The key feature of the game Gf is that it detets σ-ontinuity of the
funtion f .
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Theorem 3 (Zapletal,[4℄). For B ⊆ ωω and f : B → 2ω Eve has a
winning strategy in the game Gf(B) if and only if f is σ-ontinuous
on B.
Note that if Adam has a winning strategy then the image of his
strategy (treated as a ontinuous funtion from 2ω to B) is a ompat
set on whih f is also not σ-ontinuous. This observation and the Borel
determinay gives the following orollary.
Corollary 1 (Zapletal,[4℄). If B is a Borel set and f : B → 2ω is a
Borel funtion whih is not σ-ontinuous then there is a ompat set
C ⊆ B suh that f↾C is also not σ-ontinuous.
4. Proof of the dihotomy
In the statement of Theorem 1 both funtions ϕ and ψ are to be
topologial embeddings. However, as we will see below, for the di-
hotomy it is enough that they both are injetive, ϕ ontinuous and ψ
open. We are going to prove rst this version of the dihotomy.
Theorem 4. Let X be a Polish spae and f : X → 2ω be a Borel
funtion. Then preisely one of the following onditions holds:
(1) either f is σ-ontinuous
(2) or there are an open injetion ψ and a ontinuous injetion ϕ
suh that the following diagram ommutes:
ωω
ψ
−−−→ 2ωxP
xf
(ω + 1)ω
ϕ
−−−→ X
Notie that ompatness of (ω+ 1)ω implies that the ψ above must be
a topologial embedding.
Proof. It is straightforward that (2) implies that f is not σ-ontinuous.
Let us assume that f is not σ-ontinuous and prove that (2) holds. By
Corollary 1 we may assume that X is ompat.
Notation. First we introdue some notation. For a xed n and 0 ≤
k ≤ n let Snk be the set of points in (ω + 1)
n
of Cantor-Bendixson
rank ≥ n − k. For eah n < ω and 1 ≤ k ≤ n let us pik a funtion
pink : S
n
k → S
n
k−1 suh that
• on Snk−1 pi
n
k is the identity,
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• if τ ∈ Snk \ S
n
k−1 then we pik one i ∈ n suh that τ(i) < ω and
τ(i) is maximal suh and dene
pink (τ)(i) = ω, pi
n
k (τ)(j) = τ(j) for j 6= i.
This denition learly depends on the hoie of the index i above.
Note, however, that we may pik the funtions pink so that they are
oherent, in the sense that for τ ∈ (ω+1)n+1, unless τ(n) is the biggest
nite value of τ , we have pin+1k+1 (τ) = pi
n
k (τ ↾ n)
aτ(n). In partiular
pin+1k+1 (σ
aω) = pink (σ)
aω for any σ ∈ (ω + 1)n. The funtions pink will be
alled projetions.
Lemma 1. For eah n and 1 ≤ k ≤ n the projetion pink : S
n
k → S
n
k−1
is ontinuous.
Proof. Note that any point in Snk exept (ω, . . . , ω) (k times ω) has a
neighborhood in whih projetion is unambigous and hene ontinuous.
But it is easy to see that at the point (ω, . . . , ω) any projetion is
ontinuous. 
For eah n < ω let us also introdue the funtion rn : (ω + 1)
n →
(ω + 1)n dened as rn(τ
aa) = τaω.
To make the above notation more readable we will usually drop sub-
sripts and supersripts in pink and rn.
We pik a well-ordering ≤ of (ω + 1)<ω into type ω suh that for
eah point τ ∈ (ω+1)<ω all elements of the transitive losure of τ with
respet to pi, r and restritions (i.e. funtions of the form (ω + 1)n ∋
τ 7→ τ↾m ∈ (ω + 1)m for m < n) are ≤ τ .
For a set B ∈ Bor(X)\If let B
∗
denote the set B shrunk by all basi
lopens C whih have I-small intersetion with B.
Strategy of the onstrution. In order to dene funtions ϕ and ψ,
we will onstrut for eah τ ∈ (ω + 1)<ω a lopen set Cτ ⊆ 2
ω
and a
ompat set Xτ ⊆ X suh that if σ ⊆ τ then Cτ ⊆ Cσ and Xτ ⊆ Xσ.
The sets Cτ will be disjoint, whih means that for τ 6= τ
′
, |τ | = |τ ′|
Cτ ∩ Cτ ′ = ∅. We will also need Xτ ⊆ f
−1[Cτ ] and diam(Xτ ) < 1/|τ |.
The onstrution of the sets Xτ , Cτ will be done by indution along
the ordering ≤ on (ω + 1)<ω. In fat, we will do something more: at
eah step n if τ is the n-th element of (ω + 1)<ω we will onstrut not
only a ompat set Xτ but also If -positive Borel sets X
n
σ for σ ≤ τ
suh that:
• Xτ ⊆ X
n−1
τ↾(|τ |−1),
• Xnσ ⊆ X
n−1
σ if σ < τ ,
• Xn
σaa
⊆ Xnσ if σ, σ
aa < τ ,
• Xnσ ∩ f
−1[Cσaa] = ∅ if σ, σ
aa ≤ τ ,
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• Xn
σaω
⊆ l(Xnσ ) if σ, σ
aω ≤ τ .
The set Xnσ is to be understood as the spae for further onstrution
of sets Xρ for ρ ⊇ σ and ρ > τ , as an be seen in the rst ondition
above. The last ondition, as we will see later, will be used to guarantee
ontinuity of the family of sets Xτ . For tehnial reasons we will also
make sure that Xnσ = (X
n
σ )
∗
.
We are going to ensure disjointness of Cτ 's by satisfying the following
onditions:
• Cτaa ⊆ Cτ ,
• Cτaa ∩ Cτab = ∅ for a 6= b.
The fat that diam(Xτ ) < 1/|τ | will follow from the following indu-
tive onditions (reall that pi(τ) ≤ τ for any τ):
• diam(Xτ ) < 3 diam(Xpi(τ)),
• diam(Xτaω) < 1/(3
|τ |+1(|τ |+ 1)),
beause iterating projetions in (ω + 1)n stabilizes before n+ 1 steps.
The ruial feature of the sets Xτ is that this family should be on-
tinuous. Namely, we will require that if τ and pi(τ) our by the n-th
step then
(1) h(Xnτ , X
n
pi(τ)) < 3
|τ | d(τ, pi(τ))
This ondition is the most diuult. To fulll it we will onstrut
yet another kind of objets. Notie rst that if h(A,B) < ε for two
nonempty sets in X then there are two nite families (we will refer
to them as to anhors) Ai and Bi (i ∈ I0) of subsets of A and B
respetively suh that for any A′i ⊆ Ai, B
′
i ⊆ Bi still h(
⋃
iA
′
i,
⋃
iB
′
i) <
ε. Similarly, if h(A,B) < ε and C ⊆ A then there exist a nite family
Di (i ∈ I0) of subsets of B suh that for any D
′
i ⊆ Di h(
⋃
iD
′
i, C) < ε.
At eah step n if τ is the n-the element of (ω + 1)<ω we will addi-
tionally onstrut anhors
• for eah pair Xnσ and X
n
pi(σ) suh that σ, pi(σ) ≤ τ
• and for eah tripple Xnσ , X
n
pi(σ), X
n
σaa
suh that a ∈ ω + 1,
pi(σaa) ⊆ pi(σ) and σ, pi(σ), σaa ≤ τ .
Completing the diagram. As we now have a lear piture of what
should be onstruted let us argue that this is enough to nish the
proof. For eah t ∈ (ω+ 1)ω the intersetion
⋂
nXt↾n has preisely one
point so let us dene ϕ(t) to be this point. The other funtion, ψ is
dened as f ◦ ϕ ◦ P−1. Let us hek that this works. Both funtions
ψ and ϕ are injetive thanks to the disjoitness of the sets Cτ and to
the fat that Xτ ⊆ f
−1[Cτ ]. The funtion ψ is open beause Cτ are
lopens.
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To see ontinuity of ϕ notie rst that sine the sets Xτ have diam-
eters vanishing to 0, it sues to hek that ϕ is ontinuous on eah
(ω + 1)n (whih are treated as subsets of (ω + 1)ω via the embedding
e : τ 7→ τa(ω, ω, . . .)). Continuity on (ω + 1)n is heked indutively
on the sets Snk for 0 ≤ k ≤ n.
The set Sn0 onsists of one point, so there is nothing to hek. Sup-
pose that τi → τ , τ, τi ∈ S
n
k , i ∈ ω. Then either the sequene is eventu-
ally onstant or τ ∈ Snk−1. Let us assume the latter. By the indutive
assumption and ontinuity of projetion ϕ(pi(τi)) → ϕ(τ). Now pik
any ε > 0. Let m be suh that diam(Xσ) < ε for σ ∈ (ω + 1)
m
and
j ∈ ω suh that d(τj , pi(τj)) < 3
−mε. Let us write ρaωl for ρ extended
by l many ω's. By (1) and oherene of projetions we have
h(Xτjaωm−n , Xpi(τj)aωm−n) < ε,
whih implies that ϕ(τj) and ϕ(pi(τj)) are loser than 3ε. This shows
that ϕ(τj)→ ϕ(τ) and proves ontinuity of ϕ.
Key lemma. Now we state the key lemma, whih will be used to
guarantee ontinuity of the family of sets Xτ .
Lemma 2. Let X be a Borel set, f : X → ωω a Borel, not σ-ontinuous
funtion. There exist a basi lopen Cω ⊆ f [X ] and a ompat set
Xω ⊆ f
−1[Cω] suh that
• f↾Xω is not σ-ontinuous,
• Xω ⊆ l
(
(f−1[ωω \ Cω])
∗
)
.
The ompat set Xω an be hosen of arbitrarily small diameter.
Proof. Without loss of generality assume that f−1[C] = (f−1[C])∗ for
all lopen sets C ⊆ ωω. Let us onsider the following tree of open sets,
indexed by ω<ω
Uτ = int
(
f−1[[τ ]]
)
.
Let G =
⋂
n
⋃
|τ |=nUτ and Zτ = f
−1[[τ ]] \ Uτ . Notie that f ↾G is
ontinuous and sineX = G∪
⋃
τ Zτ there is τ ∈ ω
<ω
suh that Zτ 6∈ If .
Observe that Zτ ⊆ l
(⋃
τ ′ 6=τ,|τ ′|=|τ | f
−1[[τ ′]]
)
beause if an open set
U ⊆ f−1[[τ ]] is disjoint from
⋃
τ ′ 6=τ,|τ ′|=|τ | f
−1[[τ ′]] then U ⊆ Uτ . Now
put Cω = [τ ] and pik any ompat set with small diameter Xω ⊆ Zτ
suh that Xω 6∈ If . 
The onstrution. We begin with X∅ = X
0
∅ = X and C∅ = ω
ω
.
Without loss of generality assume that X = X∗. Suppose we have
done n − 1 steps of the indutive onstrution up τ ∈ (ω + 1)<ω. Let
|τ | = l and σ = τ↾(l − 1). There are three ases.
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Case 1. The four points τ , pi(τ), r(τ) and r(pi(τ)) are equal. So
τ = (ω, . . . , ω) and Cτ↾n−1 and X
n−1
σ are already onstruted. In this
ase we use Lemma 2 to nd a lopen set Cτ and a ompat set Xτ ⊆
Xn−1σ of diameter < |τ |/3
n+1
small enough so that no element of the
anhors onstruted so far is ontained in Xτ . We put X
n
τ = X
∗
τ ,
Xnσ = (X
n−1
σ \ f
−1[Cτ ])
∗
and Xnρ = X
n−1
ρ for other ρ < τ . By the
assertion of Lemma 2 we still have Xnτ ⊆ l(X
n
σ ). In this ase we do
not need to onstrut any new anhors.
Case 2. The two points pi(τ) and r(τ) are equal but distint from τ .
Let δ = d(τ, r(τ)). Sine Xn−1
r(τ) ⊆ l(X
n−1
σ ) by the indutive assump-
tion, we may nd nitely many sets Bi ⊆ X
n−1
σ , i ≤ k suh that
• h(
⋃
iB
′
i, Xr(τ)) < δ for any B
′
i ⊆ Bi,
• Bi 6∈ If .
The seond ondition follows from Xn−1σ = (X
n−1
σ )
∗
. We may assume
that for eah lopen set C ⊆ 2ω the set Bi ∩ f
−1[C] is either empty or
outside of the ideal If .
We are going to nd lopens Ci ⊆ Cσ, for i ≤ k suh that Ci∩Cr(τ) =
∅ and then put Cτ =
⋃
i≤k Ci, X
n
σ = (X
n−1
σ \
⋃
i f
−1[Ci])
∗
and nd
Xτ ⊆
⋃
i≤k Bi ∩ f
−1[Ci]. We will have to arefully dene X
n
r(τ) so that
Xnr(τ) ⊆ l(X
n
σ ).
It is easy to see that for any A ⊆ Xn−1σ
Xn−1
r(τ) = X
n−1
r(τ) ∩ l
(
(Xn−1σ ∩A)
∗
)
∪ Xn−1
r(τ) ∩ l
(
(Xn−1σ ∩A
c)∗
)
so (putting A = f−1[Cσ ∩ [(m, 0)]] for m < ω) we may indutively on
m pik binary sequenes βmi ∈ 2
m, i ≤ k suh that f−1[[βmi ]] ∩ Bi 6= ∅
and
Xn−1
r(τ) ∩ l
(
(Xn−1σ \ f
−1[
⋃
i≤k
[βmi ]])
∗
)
6∈ If .
We are going to arry on this onstrution up to some m < ω and
put Xnρ =
(
Xn−1ρ \
⋃
i≤k f
−1[[βmi ]]
)∗
for ρ < τ, ρ 6⊇ r(τ) and Xnρ =(
Xn−1ρ ∩ l(X
n
σ )
)∗
for ρ < τ, ρ ⊇ r(τ). We must, however, take are
that this does not destroy the existing anhors.
Sine f−1[{x}] ∈ If for any x ∈ 2
ω
and there are only nitely many
elements of the existing anhors, we may pik m < ω and onstrut
the sequenes βmi so that for any element A of an anhor below X
n−1
r(τ)
it is the ase that A ∩ l(f−1[Cσ \
⋃
i≤k[β
m
i ]] ∩X
n−1
σ ) 6∈ If and for any
element A of other anhors A \
(⋃
i≤k f
−1[βmi ]
)
6∈ If .
One we have onstruted the sequenes βmi for i ≤ k we put Ci =
[βmi ] and Cτ =
⋃
i[β
m
i ]. Next we nd If -positive ompat sets Xi inside
Bi ∩ f
−1[[βi]], eah of diameter < 1/(3
n+1|τ |).
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If δ > diam(Xn−1
pi(τ)) then we an pik oneXi asXτ and then h(Xτ , X
n−1
pi(τ)) ≤
3 h(Xn−1σ , X
n−1
pi(σ)) < 3
|τ | δ. Otherwise, let Xτ =
⋃
i≤kXi and then
diam(Xτ ) < 3 diam(X
n−1
pi(τ)) ≤ 3 diam(Xpi(τ)). Dene X
n
τ = X
∗
τ .
At this step we reate anhors for the pair Xnτ and X
n
r(τ) as well as
for the tripples Xnσ , X
n
ρ , X
n
τ for ρ < τ .
Case 3. The two points pi(τ), r(τ) are distint. Let δ = d(τ, pi(τ)).
By oherene of the projetions pi(τ) ⊇ pi(σ). By the indutive assump-
tion we have h(Xn−1σ , X
n−1
pi(σ)) < 3
|σ| δ. Using the existing anhor for the
tripple Xn−1σ , X
n−1
pi(σ), X
n−1
pi(τ) let us nd nitely many sets Bi, i ≤ k in Xσ
suh that
• h(
⋃
iB
′
i, Xpi(τ)) < 3
|σ| δ for any B′i ⊆ Bi,
• Bi 6∈ If .
As before, we assume assume that for eah lopen set C ⊆ 2ω if Bi ∩
f−1[C] ∈ If then it is empty. We have now two subases, in analogy
to the two previous ases.
Subase 3.1. Suppose τ = r(τ). Similarly as in Case 1, we use
Lemma 2 to nd Xi ⊆ Bi and Ci for i ≤ k. Put Cτ =
⋃
i≤k Ci. If δ >
diam(Xn−1
pi(τ)) then we an pik one Xi as Xτ and then h(Xτ , X
n−1
pi(τ)) ≤
3 h(Xn−1σ , X
n−1
pi(σ)) < 3
|τ | δ. Otherwise, let Xτ =
⋃
i≤kXi and then
diam(Xτ ) < 3 diam(X
n−1
pi(τ)) ≤ 3 diam(Xpi(τ)). Again, similarly as in
Case 1, we put Xnτ = (X
n
τ )
∗
, Xnσ = (X
n−1
σ \ f
−1[Cτ ])
∗
, Xnρ = X
n−1
ρ for
other ρ < τ .
Subase 3.2. Suppose τ 6= r(τ). Similarly as in Case 2, we nd
lopens Ci in ω
ω
suh that Xn−1
r(τ) ∩ l
(
(f−1[Cσ \
⋃
i≤k Ci])
∗
)
6∈ If and no
existing anhor is destroyed when we put Xnρ = (X
n−1
ρ \
⋃
i≤k f
−1[Ci])
∗
for ρ < τ, ρ 6⊇ r(τ) and Xnρ = X
n−1
ρ ∩ l(X
n
σ ) for ρ < τ, ρ ⊇ r(τ).
Next we nd If -positive ompat sets Xi ⊆ Bi ∩ f
−1[Ci] eah of
diameter < 1/(3|τ |+1|τ |). As previously, if δ > diam(Xn−1
pi(τ)) then we an
pik one Xi as Xτ and then h(Xτ , X
n−1
pi(τ)) ≤ 3 h(X
n−1
σ , X
n−1
pi(σ)) < 3
|τ | δ.
Otherwise, let Xτ =
⋃
i≤kXi and then diam(Xτ ) < 3 diam(X
n−1
pi(τ)) ≤
3 diam(Xpi(τ)). Again, we put X
n
τ = (X
n
τ )
∗
,
In Case 3 we onstrut the same anhors as in Case 2.
This ends the onstrution and the entire proof. 
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Theorem 5. If f : X → ωω is not σ-ontinuous then there exist topo-
logial embeddings ϕ and ψ suh that the following diagram ommutes:
ωω
ψ
−−−→ ωωxP xf
(ω + 1)ω
ϕ
−−−→ X
Proof. By Theorem 4 we have ψ and ϕ suh that ψ is 1-1 open. But
as a Borel funtion it ontinuous on a dense Gδ set G ⊆ ω
ω
. On the
other hand by the properties of the funtion P X ∈ IP implies P [X ]
is meager. So P−1[G] 6∈ IP and the problem redues to the restrition
of the funtion P . This, however, has been proved in [2℄ (Corollary 2).
So we get the following diagram:
ωω
ψ′
−−−→ G
ψ
−−−→ ωωxP
xP ↾G
xf
(ω + 1)ω
ϕ′
−−−→ P−1[G]
ϕ
−−−→ X
whih ends the proof. 
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